Equations of vibration of a two-dimensionally layered plate strictly based on the decision of various boundary-value problems
Introduction. Materials used in building structures have elastic and viscoelastic properties, are anisotropic, multilayered and with other mechanical characteristics. Flat elements are components of many designs. The construction of general and approximate equations of oscillation of various types of flat elements presents an actual problem in the development of the theoretical foundations for calculating building structures and construction in general. Such problems include the problems of improving the models of the nonstationary nature of structures and their elements, the materials of which exhibit complex mechanical, rheological properties inherent in various building structures under the influence of various external factors.
In this paper, the theory of oscillation of laminated plates of building structures is developed, which is rigorously grounded in the formulation of various boundary-value oscillation problems.
Main part. Suppose that an infinite plate in thickness 2h 1 is under the surface of a semi-infinite medium at depth (h 0 − h 1 ) . Plane XY will be placed in the middle plane of the plate at z = 0 . The axis OZ is directed toward the outer surface of the outer layer. Denote the parameters of the layer by the index 1 , the upper layer [−∞ < (x, y) < ∞; h 1 ≤ z ≤ (h 0 − h 1 )] will be denoted by the index 2 , and the lower half-space [−∞ < (x, y) < ∞; −h 1 ≤ z ≤ 0] by the index 3 .
We assume that the materials of the upper layer, plates and bases are homogeneous, isotropic, exhibit viscous properties.
We introduce the potentials Φ (l) and Ψ (l) of longitudinal transverse waves in accordance with the well-known formulas
where u
vectors of displacement of points in a layer, plates and bases. In the potentials Φ (l) and Ψ (l) , the equations of motion of the layer, the plate and the base take the form:
where the operator N l is:
-three-dimensional Laplace operator
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which is the closing equation for finding four unknown potentials
3 . The displacements u, v, w, deformations ε ij and stresses in Cartesian coordinates through the potentials Φ and Ψ of longitudinal and transverse waves are determined from known formulas.
In [1] it is shown that the boundary problem oscillation plate located beneath the surface, reduces to a solution of integro-differential equations (2) at the boundary and initial conditions: the outer surface (z = h 0 )
at the contact boundary, the top layer-plate (z = h 1 )
at the plate boundary, the base (z = −h 1 )
3z (x, y, t);
zj (x, y, t) = 0;
0 (x, y, t) (j = x, y).
In addition, the damping conditions at infinity must be satisfied, i.e. z → −∞ Φ (3) = 0;
The initial conditions are zero, i.e.
The problem of oscillation of a plate in a differentiable medium is reduced to the study of equation (2), which satisfies the boundary conditions (4), (5), (6) and the initial conditions (8).
When studying the oscillation of plates, the exact three-dimensional problem is replaced by a simpler, twodimensional problem for the points of the middle plane of the plate, which imposes restrictions on the external conditions. These limitations boil down to the fact that external forces can not be high-frequency.
The problem formulated above is solved by applying Fourier transforms in X and Y and Laplace transforms in t.
The general solution formulated by the three-dimensional problem with zero initial conditions was found in [1] , and general expressions for displacements and stresses were obtained.
Equations of vibration of a two-dimensionally...
2 ;
where the operators λ
1 and λ
2 are equal
where the unknowns In this case, the operators λ
2 are two-dimensional integro-differential, describing the propagation of longitudinal and transverse waves in the plane z = 0.
To find the unknowns
1 , U
1 , V
1 , W (1) we have the boundary conditions (4)-(6). Using expressions (9) and (11) for stresses and displacements, substituting these expressions into the boundary conditions (4)-(6), equations are obtained for determining the unknown functions that are general solutions of the formulated problem and describing the vibrations of the three-dimensional medium.
To study the oscillations of rectangular plates in the plan, it is necessary to formulate boundary value problems.
Under the boundary-value problems of oscillation of a bounded plate in a plane located below the surface, we mean the derivation of the oscillation equation for the plates; the formulation of the boundary conditions along the edges of the plate and the initial conditions for the functions.
Since the general equations of plate oscillations obtained by the author [2] contain derivatives of any order in coordinates x, y and time t, are structured and therefore not suitable for solving applied problems and performing engineering calculations. For this, it is necessary to formulate approximate boundary-value oscillation problems.
In [3] an approximate equation of the transverse vibration of the plate was obtained for the transverse displacement W
(1) 1 of the middle plane of the plate in the form
where A j , P, Φ(x, y, t) are equal
3 ;
The reaction of the base P , is determined by the formula (13), contains both the velocity of the transverse displacements of the plane z = 0 and the odd time derivatives.
Thus, the law of resistance P (W
1 ) (13) explicitly contains the parameters of the plate, the base and the upper layer.
Despite the fact that equation (12) is approximate, it is rather complicated. The operators (13) contain all the parameters and operators that characterize both the mechanical and rheological properties of the materials of the plates, the layers and the base and their thickness.
We derive the boundary conditions along the edges of the rectangular plate. For simplicity, let us consider a plane boundary x = const, for boundary conditions y = const, it is easy to write from the conditions for x = const, and for an arbitrary curvilinear boundary, using known formulas, through the boundary conditions at x = const, y = const.
The boundary conditions will be derived from the theory of thick plates or plates. Based on their boundary conditions on the surface of the plate z = h or z = −h obtain the dependence of the quantities u 
Hard edge fixing x = const. As is known from the theory of thick plates, there are two possible types of such fixation u
Hingelessly supported edge x = const. There are also two types of fastening for this fastening.
or w
A stress-free edge. For a free edge, the strict conditions have the form
The rigid and hinged fastening is fairly simple and, using approximate expressions (13) and (15), for transverse displacement we obtain the boundary conditions: for rigid fixing
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The first term in (23) differs from the classical one, and the second term coincides. The first condition (23) takes into account the deformability of the edge over time and is analogous to the d'Alembert principle for the dynamics of a material point.
The general initial conditions for a plate as a three-dimensional body have the form: 
